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Abstract 

We study the cosmological perturbations for the possible inflation scenario in the teleparallel 
description of general relativity. A 3+1 decomposition of the vierbein field, resulting in an identi- 
cal formalism to the Hamiltonian formulation of TEGR under a certain time gauge, provides the 
primordial fluctuations of the single field inflationary model in the teleparallel formulation indis- 
tinguishable from the standard one. For the higher-order action, f(T) gravity, we find that extra 
degrees of freedom can be fixed by the time gauge so that the same parametrization is applied. 
The equivalence between conformal frames may break down due to the Lorentz violating rescaling 
process. 
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I. INTRODUCTION 



Inflation is one of the most successful cosmological models, which is able to explain the 
structure of the universe observed today, in particular, the flatness problem. The predic- 
tions of each inflationary model are obtained through the quantization of the primordial 
fluctuations. Such scenario is demonstrated in [J for the simplest case that gravity is 
minimally coupled to a scalar field. The discussion can be also applied to higher-order 
gr av,ty actions which have CO— equivalences to the mmimal coupling cases Q. More 
generically, it can be used in the most general second-order field equations [3|, |4| or general 



modified gravitational models of inflation 



Recently, the gravity constructed within "distant parallelism" or "teleparallelism" has 
received much attention of cosmological interests for both the early universe [/J and the 
late time cosmic acceleration [8]. While the teleparallel equivalence of general relativity 
(TEGR) is, so far, indistinguishable from general relativity (GR), its high order generaliza- 
tion, f(T) gravity, contains some novel features other than f(R) gravity. In particular, the 
ocal Lorentz invariance cannot be preserved as some extra degrees of freedoms are found 
9), [loj]. This feature is explicit in the Einstein frame of /(T) gravity theories as an exotic 



scalar-torsion coupling appears in the Lagrangian 



111 ]. However, under homogeneous and 



isotropic principles in cosmology, the effects of the extra degrees of freedom need to proceed 



to the perturbed equations. It is shown in 12[] that under a gauge-invariant analysis, one 



extra degree of freedoms causes severe constraints on f(T) gravity models. 

Here, we investigate the cosmological perturbations of some possible inflationary model 
under the teleparallel description of general relativity. A 3+1 decomposition is found for 
veirbien fields which can lead to the ADM formulation for the metric commonly used in the 
literature. After applying such decomposed veirbien to TEGR, we find that the resulting 
torsion scalar T is identical to the Hamiltonian formulation under a certain time gauge 



consideration [l3j . The representation is convenient for comparison between the formulations 
of general relativity. 

In this paper, we first demonstrate that TEGR shares the same quadratic actions as 
GR for both scalar and tensor perturbations. This implies that the single field inflationary 
models in the teleparallel formulation can satisfy current observations. We also discuss the 
application of the possible inflation scenario driven by the higher-order gravity in TEGR 



similar to f(R) theories. By imposing the certain time gauge condition, we find that some 
of extra degrees of freedom in the general f(T) theories are fixed so that the background 
vierbein can be simply chosen. Although the cosmological perturbation of the time gauge 
constraint f(T) theory can proceed under the same parametrization as TEGR, one should 
still address the subtleties on the Lorentz violating rescaling for the conformal transforma- 
tion. For the coordinate and tangent frames, Greek indices //, u, ... and capital Latin indices 
A, B, ... run over space and time, while Latin indices ... and a, b, represent the spatial 
part of 1, 2, 3, respectively. 

The paper is organized as follows. In Sec. II, we review teleparallel gravity. In Sec. Ill, we 
perform the quadratic computation in TEGR. We extend our discussion to the high order 
generalization of TEGR in Sec. IV. Finally, conclusions are given in Sec. V. 



II. TELEPARALLEL GRAVITY 

Originated from the Einstein's approach to unify gravitation with electromagnetism jl^ . 
teleparallel gravity takes the vierbein field eA{x p ) as the dynamical variables, which are also 
orthonormal bases of the tangent space for each point x p on the manifold. These bases 
satisfy the relation • e# = tjab, where tjab = diag(l, —1,-1,-1), and are related to the 
coordinate bases <9 M via the components e A , i.e., = e^<9 M . Therefore, the metric tensor is 
obtained from the dual vierbein as 

g ltv (x)=ri AB efa)e*(x). (2.1) 

On the other hand, teleparallel gravity uses the curvatureless Weitzenbock connection, 
F p = e p A d u e^, to define its covariant derivative and the torsion tensor 

T% = T% - = e A (d,e* - d v ef). (2.2) 

The relation between the Weitzenbock connection and the torsionless Levi-Civita connection 
T p ^ v used in GR is given through the contorsion tensor K p ^ u = |(T„ P „ + T p u — T^) as 

r%, = r% + k^. (2.3) 

l — I 

As demonstrated in [l5|], the most general Lagrangian density, which is the quadratic of 
the torsion tensor, is of the form 



C = ai T p p »T% + a 2 T p \T p pv + a 3 T^ " + a , (2.4) 
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where a« are free parameters. An equivalent description to GR within teleparallelism is 



established in 



13| and can be simply taken as the Lagrangian (12 .4p with the choice a\ 



1/8, a 2 = —1/4 and a 3 = —1/2 [161 ] . Consequently, the Lagrangian density of TEGR is given 
by 



1„ 1„,.,.„„ 1„..„ „„ 1. 



r = -T = -T ^T p T Miy T p T p M 

' ' 2 8 p u ^ r f 2 ^ " 



= ^rn- ( 2 - 5 ) 



with the definition = \{K^ p + 5^T au a -5 u p T a ^ a ). The field equation of TEGR is obtained 
by variation of the vierbein field e A with respect to the action S = \ J d 4 xeT + S m , given 
by 

e-%(ee? A S p n - e x A T% x S p ^ - \e A T = \e p A Q p \ (2.6) 

where Q p u is the energy-momentum tensor of the matter. By using the relation (I2.3P , it is 
found that G\ = 2 e - 1 d p (ee A S p ^ u ) - 2e A T% x S p vlx - \e A T where G„ u = e\G v A is nothing 
but the Einstein tensor. Therefore, we can rewrite (12 .6p in the covariant way as G pv = Q pu , 
which is completely the same geometrical formulation as the Einstein equation in GR. 



III. QUADRATIC COMPUTATION 



The computation of the second order action for the primordial fluctuations of the standard 
inflationary model 

S = \ [ d A x^-g[R + (V0) 2 - 2V{(j>)} (3.1) 

n n 

has been reviewed nicely in |1[ as well as [2| with a scenario commonly used in modified 
gravity theories which we shall follow in the rest of our discussion. 

In order to make a clear comparison to the standard results, we consider the existence of 
a scalar field with a general potential in the Lagrangian of TEGR, given by 



S= l -j d 4 xe[T+iy<P) 2 -2V{<P)l 



(3.2) 



where e 



tj and the torsion scalar is defined as 
T 

4 F 
=R + 2V V T» 



_rp pvrpp _rppLV rpp rpp rpv p 

^ p pv 2 p p v pp v 



(3.3) 



pv 
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The second equation of (13.31) is obtained from the mathematical manipulation by using the 
relation between Weitzenbock and Levi-Civita connections showing that T and R only differ 
by a divergent term with respect to the Levi-Civita derivative [9j. 

When we choose the vierbein to be = diag(l, a, a, a), ( 13. 2 p shares the some background 
equations with (13. 1 j) in the flat FRW background: 

3H 2 = \ft + V , H = -\'(\? , and = + 3H<P + Vj. (3.4) 

Notice that such a simple veirbien choice is an exact solution of the TEGR fi eld equation 
corresponding to the flat FRW Einstein equation followed by the discussion in 
can refer to [17i] for the cases of open and closed universe. 



15] , and one 



A. ADM Decomposition 

The computation of the quadratic action is convenient to proceed in the ADM formalism. 
As has been demonstrated in [12| . we make the 3+1 decomposition of the vierbein with 
respect to a unit normal vector e° = in the frame such that m m = (N, 0). The vierbein is 
found as: 

el = (N,0) , e^ = (A a ,^) 
e£ = (1/N, -N*/N) , ef=(pX), 
where N 1 = h*N a with h^h^ = 5 a b for the induced 3- vierbein h^. 

It is straightforward to define the 3-covariant derivative Di with respect to the 3- 
Weitzenbock connections ®r*- fc = h*dkh a j, which can satisfy the relation 

Dihjk = ; DiN j = hjdiN a , (3.6) 

where hij is the induced 3-metric corresponding to the metric obtained from ( 13.51) : 

ds 2 = N 2 dt 2 - h ij (dx i + N i dt)(dx j + N j dt). (3.7) 

The non-vanished torsions in this representation are 

T% = d j N/N, 



iV 

K{d 3 h\ - d k H« 3 ) = ^T) k , (3.8) 



T% = - —d,N - Kdoh" 
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where the last equation is referred to as the definition of the induced 3-torsion. 
It is also found to be convenient to define the "extrinsic torsion" as 

Sli = 2A^ ~ DiNj ~ DjNi) (3 ' 9) 
in the following calculations. Note that the extrinsic curvature is given by Ey = j^(hij — 
DiNj — DjNi) with Djthe 3-Levi-Civita covariant derivative. We can derive the relation 
between extrinsic torsion and extrinsic curvature if further applying the relation ( 12. 31) among 
the induced 3-connections: 

( 3 >F ifc = Wf« ijk + ®K\ k: (3.10) 

so that 

N k 

Ey = Ejj — -^{Tijt + Tjik). (3-H) 

Under the decomposition ( 13. 5p . the torsion scalar (13.31) is obtained in terms of the extrinsic 
torsion and 3-torsion as 

T = - (E + — T\ k f - - k + 2—T ljk ^ + I ±l r T ij k (T ijl + T jU ), (3.12) 

where we define that = ^T l mn T l mn — ]^T mn {r l mn — T J j k T\ k . In order to further compare 
with the usual ADM formalism obtained in GR, we insert the relation (13. lip into (13.12p . 
Using the differential by part D k (NT\ k ) = ND k T\ k + T\ k d k N for the substitution, we have 
the final expression, given by 

T = EjjE^ - E 2 + i? (3) + T>Ti (3.13) 

with T>t = j^-D k (NT\ k ) becoming a total divergence term in the action. Here, is 
obtained from the same definition as (GD| with the relation T (3) = i? (3) + 2DjT\\ 

Replacing E ij by = Vh(E ij - th ij ) as the conjugate momentum of hij [19[, we find 
that (I3.13P becomes identical to Eq. (10) in [20], which is the 3+1 formulation of TEGR 



under the Schwinger's time gauge consideration [2l|. As a result, the condition e° = for 
the decomposition ( 13 .5p can be realized as a specific choice, required to lock the time axes 
of tangent frames to the general coordinate time axis. Note that such time gauge is not a 
necessary condition for the general 3+1 formulation of TEGR, which is different from the 
structure of the standard ADM formalism 1221 1 . 

n 

It is easy now to make a comparison with the ADM decomposition of Ricci scalar R 

R = EyE ij - E 2 + R {3) + V R , (3.14) 



where V R = ^^(vTiE) - j^D^N 1 + tiWjN). We find that the difference between T 
and R is given by the total divergence V T — V R = 2V l 'T fl flu . 



B. Scalar Perturbations 

We can now rewrite the action (13.21) via (13.131) as 

S = ^J ^fh N(E i:j E ij - £ 2 ) + NR (3) + N-\<p - N^icf)) 2 - Nh ij ' d^d^ - 2NV + V T , 

(3.15) 

where and 4> play the role of dynamical variables in which one can choose a gauge to fix 
the time and spatial reparametrizations. We denote the first order quantities, ( and 7, to 
parametrize the scalar and tensor perturbations, and use the gauge convenient for studying 
the quadric action as 

5<p = 0, /^ = ae^ + i 7 -), (3.16) 

where 7" in general contains symmetric and antisymmetric parts, i.e., 7" = + a". The 
antisymmetric part a" is a distinct feature for tensor perturbations in teleparalelism. How- 
ever, it dose not contribute to the quadric calculation in the discussion given later. We define 
that jij = rjabi^j) + ^-7 a i)/2 with rj ab = diag(-l, -1, -1) and 7^ = d^j = 0, leading to 
the induced metric to be 

h i:j = aV f (c% + 7y + -7ai7 a ,)- (3-17) 

Temporally, we focus on the scalar quantity ( and take 7 = in ( I3.17P to simplify the 
calculations. With in mind that N and N l (or iV a ) are as Lagrange multipliers, we perform 
the variations 5N and 5N l = h l a 5N a to (13.151) . and obtain the constraints 

//;,vo;, ; //; ; >; o. 

R {3) - - £ 2 ) - iV" 2 2 - 2V = . (3.18) 



By setting that N l = diip + with diN^ = and N = 1 + Ni as suggested in [2J, we derive 
the solutions 

Ni = jj, N^ = 0, *P = -Jjj + X, &X = ^t (3.19) 



After substituting (I3.19P back to ( 13 . 1 5j) . the Lagrangian is expressed in terms of ( to the 



second order 



S ( = I J dtdx 3 jae c (l + i J [4«9 2 C - 2(«9C) 2 - 2aVe 2 ^] 



+a 3 e 3? - 



1 



1 + 77 



-6(if + C) 2 + 2 L (3.20) 



which is identical to the expression by using the background equations (13. 4ft : 



1 



C2 



S ( = -j dtd 3 xa 3 ^ (C 2 - a" W) . (3.21) 
This final expression for is identical to the result of the theory (13.11) . 



C. Tensor Perturbations 

As demonstrated in j^j], the 7 2 term and the scalar-tensor crossing terms appear only in 
the cubic calculations of the Lagrangian, which are beyond the main concern of this paper. 
Hence, we simply set ( = in ( 13. 17ft and consider the contribution only from 7". After 
inserting to (13. 15ft the quadratic action is obtained as 

S 1 = i J dtd 3 x a 3 [{^) 2 - a~ 2 {d iljk ) 2 ] ■ (3.22) 

Note that, despite the tensor fluctuation 7" contains some extra components, i.e., the anti- 
symmetric part a" comparing to GR. The contribution of a" does not show up at this level. 
We can define 5i a s a j = s^- and 5i a a a j = a#, so that actually 

Hi = ^(5^) + aVtf) = By. (3.23) 

From the fact that ( 13.211) and (13.221) are the same results as the theory (13.11) . we simply 
conclude that the changing of the dynamical variable from hij to h a i unchanges the propa- 
gating degrees of freedom in linear perturbations as the additional continent a" drops out 
in quadratic computations. Therefore, we have two tensor modes plus one scalar mode in 
teleparallel gravity, and the effects from a* in higher order perturbations worth for further 
investigations. 



IV. HIGH ORDER GENERALIZATION 

The high order generalization of TEGR was first proposed in [z| as an alternative inflation 
model. As analogy to f(R) gravity, the study on the modification of the torsion scalar T 
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can be generalized to an arbitrary function with the action 



S=\ J dz*ef(T). (4.1) 

In order to study the quadratic action of the high order Lagrangian, it is provided to be 
convenient to perform the conformal transformation [l|]. We simply review the transforma- 
tion of f(T) gravity to the Einstein frame first and one can find the detail in We use 
the formulation 

f(T) = FT-2V, Fee J,, V = ELlJVl , (4.2) 
and define = vFe^ = Vtej;. The torsion scalar is transformed as 

T = Vl 2 [f - A&uf p pu + 6(Vw) 2 ], (4.3) 



S = - I dx 4 e 
2 



T - -=^' + (V^ - 2£%) 



(4.4) 



where d^u = d^Vt/Vt. Since e = Q, 4 e and F = f2 2 , the action ( 14. ip is rewritten as 

4 

where we have defined that dcp = y/6dcu = y/6dF/2F and U = V/F 2 . Comparing the action 
( 14 .4p with (I3.2p . there is an additional scalar-torsion coupling term, d^^T p p ^ which breaks 
the local Lorentz invariance and gives the extra degrees of freedom. The corresponding field 
equation of (I4.4p is obtained by variation with respect to the veirbien field ej~, where the 
covariant representation is 

G iaf = % t + H IHt (4.5) 

with the corresponding energy-momentum tensor of the scalar field (p, and H^ v is ob- 
tained from variation of the coupling ed^tpT^ ', given by: 



1 

2---- - 2 



^ = [g^T? - d (pT vtl \ - 2d v <pT"J - —e-'g vX e A B a [e{d x ipe a A - 9 a ^)](4.6) 



respectively. 

It is easy to observe that H^ v in general is not a symmetric tensor while G^ v and are. 
Therefore, following the discussion in {9] but here in the Einstein frame, the field equation 
( 14. 5 p can be splitted into: 

G ia , = %, + H {M (4.7) 
= H [H (4.8) 



where H^ u = + H^y The presence of (14. 8 j) makes ( 14. 5 p an equation for all 16 

components instead of 10, indicating that the theory (14. 4p in fact precesses more degrees 
of freedoms than (13. ip . We can find from (14. 8 p that extra degrees of freedoms are fully 
caused by the scalar-torsion coupling d ll (pT p . As a result, the specific background choice 
= diag(l, a, a, a) with a = fla can not be used directly for parametrizing the linear per- 
turbation as the minimal coupled TEGR. 



A. f(T) Theory with Schwinger's Time Gauge 

In the non-linear formulation of teleparallel gravity, the lack of local Lorentz invariance 
introduces extra degrees of freedom so that the time axes of tangent frames can not be 
l0 c k ed exactiy to the time axis of the general coordinate Q. In order to describe the Eat 
FRW background by the simple choice = diag(l, a, a, a) we impose the Schwinger's time 
gauge condition [2l|, which will reduce the degrees of freedom in the generic f(T) theories. 

To see this, we decompose the vierbein field similar to (13 .5p to obtain the quadratic 
action of (14.41) . The torsion scalar T is found in (I3.13P where we denote E^- as the extrinsic 
curvature with respect to the induced metric h^. For simplicity, we represent the scalar- 
torsion coupling under the integration by part as 

e(^fy = -<pdt(Vh£) + VhifDiiN't + tiWjN - Nfy), (4.9) 

where the decomposed V^T 7 ^ can be found in the previous discussion. Even without know- 
ing the background field, it is explicit that the term will become a total diver- 
gence if we also impose the condition S(p = where (p preserves only its background value 
ip = (pit). The action (I4.4p under this condition is written as 



S 



N{tijt ij - t 2 ) + Ai? (3) + + A"V 2 - 2A/7 

v6 



(4.10) 



where we have neglected two total divergence terms, T>f from the decomposed f and 
\ZhipDii...) as mentioned in (14. 9p . 

One may observe that all terms inside (14.101) are no more than variables of the metric 
hij with its corresponding Levi-Civita derivative Di, and without higher than second-order 
time derivative. The change of variables from to h\ shows no difference in quadratic 
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computations for E i3 - and according to the discussion in Sec. Ill, while the only non- 
metric quantity drops as the total divergence. Hence, the degrees of freedom of (I4.10p is 
the same as the action (I3.15p . which is found to have one scalar mode and two tenser modes 
in linear perturbations. 

Remarkably, the non- metric 3-torsion tensor T 3 - 1 is also the only Lorentz violating term 
concerning the local Lorentz transformation e A = A A B (x)e B u to the Einstein frame vierbein 
field e A . It is easy to see from the fact that the metric is invariant under local Lorentz 



transformation since r\ci) = ^q^-^Vab [161 ] . In general, T is not a local Lorentz scalar in 
the aspect of the original frame e A so that f(T) does not preserve Lorentz invariance |9j. It 



is found in 



lOj that f(T) gravity contains three extra degrees of freedom than GR from the 



analysis in the original Jordan frame (14. ip . However, after applying the Schwinger's time 
gauge condition we find that the action (I4.1(jp becomes, naively, similar to the structure 



of GR with some non- minimal derivative coupling to the scalar field 18[. The background 



e A = diag(l, a, a, a) thereby can be more properly used to simplify the discussion on f(T) 



theories under the constraint of the time gauge. 



B. Quadratic Computations: A general overview 



We can obtain the Hamiltonian and momentum constraints of (I4.10P from the variation 
of N and iV a , written as 

40 



h{D % 



J '.i 



h ^ + h ^ N \ 



0. 



R^ 



'y y« 



N^^^t - iV~V -2*7 = 0, 
V6 



(4.11) 
(4.12) 



respectively. Following the background e A = diag(l, a, a, a), we can use the same parametriza- 
tion as (I3.16p . and the field equations (14.51) and equation motion of ip are 



3H 2 = -<f 2 + U + \fl(pH 



H 



1 -2a 1 - ^n- 
= (p + 3H<p + U' - V6H-. 



(4.13) 



We denote the perturbations as N — 1 + iVi and N l = diip + N^, and hide the notation 
of the conformal frame in convenience for the following discussion. The quadratic action of 
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(14.1 Op is given by 



S ( = ^J dtdx 3 {ae c (1 + [-4d 2 ( - 2(d() 2 - 2a 2 Ue 2 <] 



+a 3 e 3 < 



1 



1 + JVi 



+a 3 e 3 ^ 



-6(H + C) 2 + 2 + A{H + ()d 2 t(j 



3(H + C) -d 2 ^ 



_ s , .. . . . (4.14) 

l + iV lv /6L v r JJ 1 ; 

After some simple manipulation together with the constraint (14. lip and background equa- 
tions (I4.13p . we find (I4.14p can be rewritten as 



Sr 



dtdx 3 a 3 



-6G T ( 2 - 2F T {d() 2 + 2EN 2 



AQN^ip + 4G T (d 2 ip + 126iViC - AGtN^i/j 



(4.15) 



where G T = F T = 1 , E = -U and 6 = H(l - <p/V6H). The action ll£I5]) is in fact the 
representative of the generic quadratic action with the second-order field equations given 
in [3)]. Following the discussion therein, we can arrive directly at the final expressions for 
tensor and scalar perturbations as 

1 



dtd 3 x a 3 [G T {ji 



? - a' 2 



F T (da jk ) 2 ] 



S ( = ~ / dtd 3 xa 3 



Gs( 2 - a- 2 G s (d(f 



respectively, where 



F8 -\dt{^~ Fr - 



G 



s -- 7^ G\ + 3Gt- 



2 



(4.16) 
(4.17) 

(4.18) 
(4.19) 



We find that tensor perturbations are unchanged from (13.221) despite the presence of the 
scalar-torsion coupling in (I4.10p . and scalar perturbations for any certain f(T) inflation 
model shall satisfy the conditions of F s > and G$ > to avoid ghost and instabilities j^]. 



C. Lorentz Violation Revisit 



Although f(T) theories can be converted as a single field non-minimally coupled to gravity 
through the time gauge, we wish to point out that (I4.10p may still suffer by Lorentz violating 
subtlety despite its invariant under the transformation e A v = A A B (x)e B u . Implicitly, Lorentz 
violation is hidden through the conformal transformation as the conformal factor f2 = \J~F 
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being a Lorentz- violating scalar to the original frame . From this point of view we find that 
R, (p and U are all Q involved and are not local Lorentz scalar either. One may speculate 
the possible consequence for the Lorentz violating scalar field tp, and the same question can 
also be found in the scalar-tensor formulations of /(T) theories {23 ]. 

The issue on the equivalence between Jordan frame and Einstein frame becomes crucial 
for f(T) theory due to the Lorentz violating rescaling process, = fle^. The "equivalence" 



is provided by including the running unit properly in the conformal frame [24J. Hence, it 
becomes considerable if given any unit redefinition needed for f(T) theory from the Lorentz- 
violating conformal factor Q. 



V. CONCLUSIONS 

In order to study the primordial behavior for gravity constructed under teleparallelism, 
especially for TEGR, we have performed a 3+1 decomposition of the vierbein field. The 
corresponding metric obtained from such decomposed vierbien is the ADM formulation com- 
monly used in the generic models of inflation. We have found that the torsion scalar T under 
this representation differs from the decomposed Ricci scalar R by a total divergence, which 
is consistent with the general relation between T and R. Meanwhile, this decomposition can 
also be interpreted as a specific Hamiltonian formulation under the Schwinger's time gauge 
condition. The quadratic computation of T can be taken as a rephrase of the standard 
result by changing the variable from hij to ft,". The reason is that linear perturbations give 
identical formulations to metric variables while all non-metric terms are dropped as the total 
divergence. Although in general the tensor part of vierbien contains extra components, its 
effects do not show up at the quadratic level, and the quantization process afterword will 
be no difference from the previous works. 

The high order generalization of TEGR may also be considered as an alternative scenario 
for inflation by analogy to f(R) theories. To discuss the cosmological perturbations, one 
needs to address first extra degrees of freedom introduced by the Lorentz violation in non- 
linear formulation of teleparallel gravity. Although we have shown that, in the conformal 
frame of f(T) theory, the time gauge can fix the Lorentz issue and degrees of freedom 
simultaneously, the problem may convert to the Lorentz violating rescaling process which 
will break the equivalence between conformal frames, even at classical level. 
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